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Topics 

1.  Overview 
2.  Variable Elimination and Clique Trees 
3.  Message Passing: Sum-Product 

–  VE in a Clique Tree 
–  Clique-Tree Calibration 
–  Sum-product Belief Propagation Algorithm 

4.  Message Passing: Belief Update 
5.  Constructing a Clique Tree 
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Message Passing: Sum Product 

•  Proceed in opposite direction of VE algorithm: 
–  Starting from a clique tree, how to perform VE 

•  Clique Tree is a very versatile Data Structure 
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Variable Elimination in a Clique Tree 

•  Clique Tree can be used as guidance for VE 
•  Factors are computed in the cliques and 

messages are sent along edges 
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Variable Elimination in a Clique Tree 
•  A Clique Tree for Student Network 

–  This tree satisfies Running Intersection Property 
•  i.e., If X ε Ci & X ε Cj then X is in every clique inbetween 

–  Family Preservation property 
•  i.e., each factor is associated with a cluster 
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Example of VE in a Clique Tree 
•  A Clique Tree for Student Network 

– Non-maximal cliques C6 and C7 are absent 

 
– Assign α: initial factors (CPDs) to cliques 

•  First step: Generate initial set of potentials by 
multiplying out the factors 
– E.g., ψ5(J,L,G,S)=ϕL(L,G)*ϕJ(J,L,S)

•  Root is selected to have variable J, since we 
are interested in determining P(J), e.g., C5
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Message Propagation in a Clique Tree 

Root=C5
To compute P(J)

 
In C1: eliminate C by performing 
The resulting factor has scope D. We send it as a message δ1-2(D) to C2 
 
In C2: We define β2(G,I,D)=δ1-2(D)ψ2(G,I,D). We then eliminate D to get a factor 
over G,I. The resulting factor is δ2-3(G,I) which is sent to C3. 

ψ
1

C
∑ C,D( )
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Message Propagation in a Clique Tree 

Root=C5
To compute P(J)

 
Root=C3
To compute P(G)



Probabilistic Graphical Models                                                     Srihari 

VE as Clique Tree Message Passing 

1.  Let T be a clique tree with Cliques C1,..Ck

2.  Begin by multiplying factors assigned to each 
clique, resulting in initial potentials 

3.  Begin passing messages between neighbor 
cliques sending towards root node 

4.  Message passing culminates at root node 
–  Result is a factor called beliefs denoted βr(Cr) 

which is equivalent to 

    
ψ

j
C

j( ) = φ
φ:  α φ( )=j
∏

    

δ
i→j

= ψ
i

Ci−Si ,j

∑ ⋅ δ
k→i

k∈ Nbi− j{ }( )
∏

    

!P
φ

C
r( ) = φ

φ
∏
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Algorithm: Upward Pass of VE in Clique Tree 

 

10.2. Message Passing Sum Product

Algorithm l0.l Upward pa.ss of variable elimination in clique tree

I
2
3

Procedure CTree-SP-Upward (
O, // Set of factors

T, // Clique tree over iD
(t, // lnitial assignment of factors to cliques
C, // Some selected root clique

)

I lnitialize-Cliques
2 while C, is not ready
3 Let C a be a ready clique
4 6n*e,U)(St,e,@)* SP-Message(i,p"(i,))5 B" * 0l 'fl*.l.rl.,5**,6 return B,

Procedure lnitialize-Cliques (

)

for each clique C;
th(Ct)* 1I4,,.14s:ndi

Procedure SP-Message (
i, // sending clique
j // receiving clique

)

,h(ct) * /, .II*.(*oo *1iy.6*-t
r(si,i) <- D"o_ 

"o,, 
rh@ r)

return r(Sti)

f.orrectness

We now prove that this algorithm, when applied to a clique tree that satisfies the family preser-
fiion and running intersection property, computes the desired expressions over the messages
d the cliques.

In our algorithm, a variable X is eliminated only when a message is sent from C2 to a
rpighboring C7 such that X e C,i and X Q C i.We first prove the following result:

Arvtme that X is eliminated when a message is sent from Ci to Ci. Then X does not appear
orywhere in the tree on the C i side of the edge (i,-j).
hoor The proof is a simple consequence of the running intersection property. Assume by
conbadiction that X appears in some other clique Cnthat is on the C7 side of the tree. Then
C; is on the path from Ci to Cp. But we know that X appears in both Ca and C7, but not
nCi, violating the running intersection property. I

I
2
3

Procedure Ctree-SP-Upward (
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Clique Tree Calibration 

 •  We have seen how to use the same 
clique tree to compute the probability of 
any variable in χ 

•  We often wish to compute the probability 
of a large number of variables 

•  E.g., in medical diagnosis, the probability 
of several diseases 
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Computing several posteriors 

 •  Consider task of computing the posterior 
distribution over every random variable in 
network 

•  Naiive approach:  
•  Do inference separately for each variable 

•  We can do substantially better 
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Revisit clique tree 
•  Consider three executions of clique tree 

algorithm: 
1.  C5 is the root 
2.  C4 is the root 
3.  C3 is the root 
•  In all three cases messages sent from C1 to C2 

and from C2 to C3 are the same 
 



Probabilistic Graphical Models                                                     Srihari 

Ready Clique 

 •  Ci is ready to transmit to neighbor Cj  
•  when Ci has messages from all of its 

neighbors except from Cj
•  Sum-product belief propagation algorithm  

•  Uses yet another layer of dynamic 
programming 

•  Defined asynchronously 
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Sum-Product Belief Propagation 

 102 Message Passing Sum Product 357

Algorithm 10.2 calibration using sum-product message p.srt"g t" . cltq"" t*"
Procedure Cliee-SP-Calibrate (

O, // Set of factors
T // Clique tree over O

)

I lnitialize-Cliques
2 while exist e, j such that z is ready to transmit to 73 d,- i(Sqi) <- sP-Message(i., i){ for each clique ri

5 {1, * th .fl*.rtn dn-,
6 return {Ba}

efuorithm continues until the leaves of the tree are reached, at which point no more messages
red to be sent. This second phase is called the downward pass. The asynchronous algorithm
b equivalent to this systematic algorithm, except that the root is simply the first clique that
haFpens to obtain messages from all of its neighbors. In an actual implementation, we might
rant to schedule this process more explicitly. (At the very least, the algorithm would check in
Ene 2 that a message is not computed more than once.)

fuure 10.3a shows the upunrd pass of the clique tree algorithm when C5 is the root. Figure 10.5a
fiuas a possible first step in a dowrutnrd pass, where C5 sends a message to its child Ce, based
ut the message from C a and its initial potential. As soon as a child of the root receiues a nxessage,
it has all of the information it needs to send a nxessage to its own children. Figure 10.5b shows C3
nding the downunrd message to C2. r

At the end of this process, we compute the beliefs for all cliques in the tree by mulfiplying
Se initial potential with each of the incoming messages. The key is to note that the messages
used in the computation of Bi are precisely the same messages that would have been used in a
eandard upward pass of the algorithm with Ci as the root. Thus, we conclude:

Astme thag for each clique i,, Ba is computed as in the algorithm of algorithm 10.2. Then

3r(C): t p*@)
x-Cr.

Note that it is important that Ca compute the message to a neighboring clique C; basedq, 1ts initial potential t[i and not its modified potential p1. The latter already integrates
ioformation from j. If the message were computed based on this latter potential, we would be
double-counting the factors assigned to Ci (multiplying them twice into the joint).

lVhen this process concludes, each clique contains the marginal (unnormalized) probability
cer the variables in its scope. As we discussed, we can compute the marginal probability
rer a particular variable X by selecting a clique whose scope contains X, and eliminating the
rcdundant variables in the clique. A key point is that the result of this process does not depend
m the clique we selected. That is, if X appears in two cliques, they must agree on its marginal.

Algorithm: Calibration using sum-product message passing in a 
clique tree
Procedure CTree-SP-Calibrate (
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Result at End of Algorithm 

 •  Computes beliefs of all cliques by 
•  Multiplying the initial potential with each of 

the incoming messages 
•  For each clique i, βi is computed as 

•  Which is the unnormalized marginal 
distribution of variables in Ci

    
β

i
C

i( ) = !P
Φ

χ−Ci

∑ χ( )
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Calibration Definition 

 

•  If X appears in two cliques they must 
agree on its marginal 

•  Two adjacent cliques Ci and Ck=j are said 
to be calibrated if 

 
•  Clique tree T is calibrated if all adjacent 

pairs of cliques are calibrated 
•  Terminology: 

•  Clique Beliefs: βi(Ci)
•  Sepset Beliefs: μi,j(Si,j)=

 

    
β

i
Ci−Si ,j

∑ C
i( ) = β

j
Cj−Si ,j

∑ C
j( )

    
β

i
Ci−Si ,j

∑ C
i( ) = β

j
Cj−Si ,j

∑ C
j( )
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Calibration Tree as a Distribution 

 
•  A calibrated clique tree 

•  Is more than a data structure that stores 
results of probabilistic inference 

•  It can be viewed as an alternative 
representation of PΦ

•  At convergence of clique tree calibration 
algorithm 

 

     

!P
Φ
χ( ) =

β
i
C

i( )
i∈VT

∏
µ

i,j
S

i,j( )
i−j( )∈ET

∏
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Misconception Markov Network 

19 

C

(a) (b) (c)

A

D BBD

A

C

BD

A

C

P(a,b,c,d) = 1
Z
φ1(a,b) ⋅φ2 (b,c) ⋅φ3(c,d) ⋅φ4 (d,a)

where

Z = φ1(a,b) ⋅φ2 (b,c) ⋅φ3(c,d) ⋅φ4 (d,a)
a,b,c,d
∑

Z=7,201,840 

Gibbs Distribution 

Factors in terms of 
potentials 
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Beliefs for Misconception example 

20 

•  One clique tree consists cliques {A,B,D} and 
{B,C,D} with sepset {B,D}
 
– Tree obtained either from (i) VE or from (ii) 

triangulation (constructing a chordal graph) 
– Final clique potentials and sepset 

•  Potential from Gibbs and Clique Tree are 
same: 

362
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Figure 10.6 lhe clique and sepset bellefs for the Misconception example,

Using equation (10.9), the denominator can be rewritten as:

il 6i-i5i-r.
(i- j)e€r

Each message da+i appears exactly once in the numerator and exactly once in the
so that all messages cancel. The remaining expression is simply:

l rbo{co1: e*.
ieVr

Thus, via equation (10.i0), the clique and sepsets beliefs provide a
unnormalized measure. This property is called the clique tree irunriant, for reasons
become clear later on in this chapter.

Another intuition for this result can be obtained from the following example:

Consider a clique tree obtained from Markav network A*B -C -D, with an
factors @. Our clique tree in this case would haue three cliques C1 : {A,B), Cz
and, Cs : {CLD}. When the clique tree is calibrated, we haue that B1(A,B) : Po(
Zz(B,C) : Po(B,C). From the conditional independence properties of this
haue that

Po(A,B,C): Po(A,B)P,(C I B),
and

P^rc I B\:1vjB'c) .po(B)

As B2(B,C) : Po(B,C), we can obtain Po@) by marginalizing B2(B,C). Thus, we

Br@,qrffifir)
p|(A, B)p2(B,C)-U;p,@O-

d

Po(A, B,C)

     

!P
Φ

a1,b0,c1,d 0( ) = 100

β
1

a1,b0,d 0( )β2
b0,c1,d 0( )

µ
1,2

b0,d 0( )
=

200 ⋅300 ⋅100
600 ⋅200

= 100

A,B,D B,C,D{B,D}


