71 A8 < Assignment2
2023 238}7]

1 (20 points) 2 £}F-2 constrained optimization= 9]¢t Lagrangian multipler of 33+ 7l o]
o} Bishop Ae] Appendix BE 284.0 2 A2k the B0l TopA 0

(i) Equality constraint g(x) = 07} 9F&£5l= th3 24 St 245 714 5HAT

maximize f(x)

subject to g(x) =0 (1)
#7)E 3t 517] 9lal, Aol §4 h(x)9] gradient B ViE thea} o] 4
Js}A.
_ 0h(x)
Vh="—0" (2)

Al (1)9] HAst £A49] solutions x*2t g, ok} o] Vet Vg7t AR 39
(parallel)o] Flojo g8 AWa}A 2.

Vf(x") = AVyg(x") (3)
o] 7]1A A e R&Z ¢ o]o] AZo|r}.

(i) Inequality constraint g(x) >= 05 Zr+= th A3}t FA|7F ol thal skAk
maximize f(x)

subject to g(x) > 0 (4)
4] (4)¢] &2} A 9] solution®] x*o|2tal Spaf. x*2 F 7}HA] case® LM EH], 1)

7\1]0¥ S A YAot= g(x*) = 05 WESHE= active solutlon 2) Aok J < <t
A= g(x*) > 05 WESh= inactive soluion®] F 712 =2 L]——dl:]— A,
active offQl g(x*) = 0¢l Z-f-of thxt Zo] Vfel Vgol '%]'63:0] A2 girfjojojof

L S Mtﬂ o]./\]g
Vf(x) = =AVy(x) (5)

o] Z-g-oll= ol vt E"}ﬁ}ﬂ —?4311 A > 0ol
TH2 2 2 inactive 3¢l g(x*) > 021 Ao+ E]——%ﬂ- Z+o| unconstrained optimiza-
tionEA| 2} equivalent$H2- 7HHs] A H oA @

Vf(x)=0 (6)
(iii) oF 23] 4] (4)] 128} BAS k-2 4] (7)2] Lagrangian function & 485

L(x,\) = f(x) + Ag(x) (7)
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ojuff t}2 KKT (Karush-Kuhn-Tucker) Z710] A= djjoF oS A SHA] L.

g(x) >0
A >0
Ag(x)=0 (8)

£35], 919 KKT 70| gfollA F=gt 7 74| Z-5-of tigr 2341 A (5)2 4] (6)
o

2 (30 points) & 23}of A= Lagrange dual problemW-82 A 2|5t112} St} m7i 9] in-
equality constraint”’} )= th-S X435} 2AS 714514k

maximize f(x)
subject to g;(x) > 0for 1 <i<m (9)

29] A& primal formo]|gtil 5}11, ©]& dual formo =2 eS| 95 o2 La-
grangian functlon— A6t
L(x,A) = f(x) + Y _ Aigi(x) (10)
i=1
o] = [A, -+, Al Ol o)A AOFS BT bRl xS feasible point
213 311, TS Zo] AZ BE feasible pointSo] HHOZ B l5HAt

Bishop A]2lo] T} A2 & Fzsto] The B-go] FaiAl 2.

(i) Aolof wha}, th&1} Zro] mE feasible x € A9} Aof| o)l A, L(x, A)= f(x)2] upper
bound”} Hrt}.

L(x,A) > f(x) forx € A (12)
A1 (9)9] Primal form 2] 3fj(solution)-S& x*2tal Shfj, tf3-0] AH-S HOo|A| Q.
f(x*) = maxmin L(x, ) (13)

x A>0

*Hint: g;(x) > 0
2t gi(x) = 0] 4%
(ii) Dual formof| A=

0=
=

2t A9oF 19%] = AL Aol AL AR gi(x) > 0
2 o] 7 case® & maxy, \igi(x) 2] gk o=t

T2 Lagrangian dual function-& A3t
L(A) = max L(x, \) (14)

Primal form®] 3fj(solution)& x* € Aztal gf, L4 eJe] A > 09 thsljA], ka4t
Z+o] dual function©] f(x*)2] upper bound”} E-2 Ho|A| Q.

LX) > f(x*

) (15)
“Hint: x € Al A, A (12)3F A (14)= At = A}
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(iii) Lagrangian dual problem (¥ dual form)-& L(A)S A3} (H43h)st f(x*)9]
best upper bound& F5t= Ao = thg A 8tet= A4S 7H 71t

minimize L(\)

subject to A > 0 (16)
4 (12)0] we} opi7kA 2 thgo] AR
min L(X) > f(x") (17)

Best upper bound?} & 35[|7F2] z}o]E Duality gapztil s, tf-23} o] A 9]
Hr}.

f(x*) — min L(X) (18)

vtz o 2 4] (18)2] duality gap-> nonzero©| X gk, o] gt &3} FA| 9] 3 -$-of =
zero’} =, o]t} dual form¥} primal form@] XZZke A2 U5}t
o] 2%t zero duality gap®] EA-2 /A= 2451 BA] § gl thar £ %, Folxd
;q]oh/q of T3t feasible point 2] &4 FFE 72|11 WH6h= Slater’s condition©]
ErO]-‘:q /\ﬂ:._ ZF oFed 4 9)t}t. Slater’s conditiono]& FS1Q17}1? Slater’s condition-2
o= 792t 18R] = A0 AAE 2 AAISHA L

3 (20 points) & 2o A= 281 9] Lagrangian dual problem H2F HHH-S 71sH dA|E &
Gl Xq—Q-OHE Z} stet. th2 ZF constrained optimization FA| ]| tfsfA] Lagrangian dual
problem=z H3tsl1l sl dual formAtol| Al XA StE £~35HA] 2.

(i) ofzf A3}t EA4 9] primal form 7]&6Fal dual form2 = $F Fof Sf|d Lagrangian
dual problem®] XA 3}= 4~ 5FA| Q..
maximize f(x) =1 — ||x|?
subject to g(x) =1"x—1>0 (19)
o714 x € RPolt}.
(i) e} BAS) DS 43 oA
maximize f(x) =1— ||x — 1|
subject to g(x) =17x—1>0 (20)
*Hint: KKT 21% &-8ote & 5k2f. D = 291 790 tisfiA] 2D axol 4] H2
@2} Aok o]o] o)X 2 stelshutz Zoh
(iii) 9] &St A7} Slater’s conditionS TFEsl+= | 7Hds] A5HA] Q.

4 (20 points) 2 22 Support vector machine (SVM) 2] margin maximum solution®] T3t

Zoltt.

Binary classification $18 SGHOIE1410] D = {(x1,61),- -, (ev. 1)} 2 FOIAT,
olwf t; € {—1,1}2, t; = 18] A= positiveMZ ¢; = —121 F-9+= negative Zo]2}1l

S5}A}. Binary classification 93} linear model-2 AFg-Stchal 74 gt

y(x) = w'x +b
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]

SEES e 202 BEIA,

ol
{

s WolOlAE DAYSl RE ol ES 43
parameters w2} bS A5 oF gt

thy(xn) >0Vne{l,--- ,N} (21)

Qo] AL FEs= wet bo] A2 feasible parameters AgThal SFal, FA| A 02 Ay
O Z
I

Ay ={(w,b)|t,y(x,) >0Vne{l,--- ,N}} (22)
U= ==l §5hr] 2.
(i) x, € RP of|A] decision surface y(x)o] ©]2% 77| (distance)7} |y(x,)|/||w| Y
SO 2. ERE, (w,b) € Aol HisliA, distanceZt t,y(x,)/[|w| o] Ha 3]
oA L.
(i) SVMo] A 8] marginZld o]l tiallA] A 5Ial generalization errors ZAA|7]= SH
of| 4] maximum margin ¥ 9] AH-& 7|=5A L.
(iii) Maximum margin solution®] T4 02 A2|H-& AHo}A| 2 (Bishopu A Eq.

(7.3)).

bz

arg max {me[tny(xn)]} (23)

(wbeds | ||w| n

(iv) Bishop! A Eq. (7.4)o|M A9, x, S decision surface’yol| A 7FF 717 pointsl
support vectors 21l &uf, tF-2} ZHo] t,y(x,) S constant value®2 1A 5H= o]
£ 7l L.

tny(xn) = 1 (24)
5 (40 points) Linear SVM 2] primal form-2 th21} Z Tt

VTR ST
minimize 5 ||wl|

subject to ¢, (W'x, +b) —1>0Vn e {1,--- ,N} (25)
Design matrix X2} design target vector t+= o}2je} Zo] A o=t
X1
X = 5
xnT
t = [t, -, tn]" (26)

- E5ol HoAl L.
(i) $19] A3t BAC] A (25)0] thet primal formo] o}gfe} ZHo] HajH-S HolAQ.

1
L(w,b,a) = 5||w||2 —(aet) (Xw+0b1)+a’1 (27)
o714 a = [aq, - ,aN]T 2 Lagrangian multipliers®]™ &= element-wise multi-
plication2 a ® t+ o231} Ztt.
a0t = [al “ty, e, an tN]T

*Hint: minimize=A|2k+= Z 3}, Lagrangian multiplier®] Z 7] tjs) -2 A.

4



7| A|st: Assignment 2

(i) A1 (27)°) g wet be] gradientS G ESHA]L.

OL(w,b,a
(8w ) B (28)
OL(w,b,a
orwsa) 0
(30)
(iii) =342 gradientsE zeroZ F 5t Bishopu A Eq. (7.8)7} Eq. (7.9)9] th2& &
LSHA L

= X'(aot)
= a't (31)

W
0

() a7t = 0 2 Ol ofulE A ske] o2 Hine 1 = 19 A9
t; o o} A

(v) 4 (31)= O]—%— }0%, Linear SVM_/] dual form L(a) = Min(w pyea, L(w,b,a)0] oh3
T} Zol Aelde S
~ 1
L(a) = -3 (act) XXT(amt)+a’1 (32)

(vi) 9] dual form-2 Feasible parameters (w,b) € Ap°f Tt KKT ZAof utgf o2
A3} Zro] Bishop A Eq. (7.14-16) 9] 712 QFE L] oo} gt

a, >0
thy(x,) —1>0
Qn (tny(xn) - 1) =0 (33)

support vectorsS-& a, > 091 Hlo|E] AZ5e] go 2 thew} go] Hejwrt.
S = {x,]an > 0} (34)

Bishopi Al Eq. (7.13)5 Z315to], y(x)E S& ]85t thA] 7]&3sIA] L. o]
2% new exampleH| Bl E EF5t= testAOIA y(x)2] B-E&/ HaiA 1
AESHA 2.
6 (30 points) Overlapped class&E A}l A= Linear SVM 2] margin A|2Fo]|A] Hloji}= I
o] EAstH, o] & 9l HlolHE = slack variable &,& E{isto], thZ2} o] SHAE
primal form& 1 #5}A}F (Bishop A Eq. (7.20-21)).

N
1
minimize §HWH2 —|—C’;§n
subject to t, (WTXn—l—b> —1+&>0Vne{l,---,N}
§n = 0Vne{l,--- N} (35)

(i) 2] (35)°f thgt Lagrangian function®] th-3-1t Zo] A 2|52 HO|A| Q.
L(w,b,a) = %HWH2 +C-"1—(acot) Xw+b1)+a’1—(a+p)T¢  (36)

047]}\1 € = [517"' agN]Tv a = [a1,"' 7aN]T‘(2]— © = [:U“la"' aMN]TE Lagrangian
multiplerso|t}.



71 A|t<5: Assignment 2

(i) 41 (36)0fl T3t wek b, £2] gradientZ GE5HA] Q.

OL(w.ba)

“ow (37)

OL(w,ba)

— (38)

OL(w,b,a)

e (39)
(40)

e o] 7] Linear SVM} up7E2| 2, £19] gradientsE zero& 5o, T3} o]
Bishopit ] Eq. (7.29-31)7} B2 Q& 6lAS.
w = X'(aot)
0 = a't
at+p = C-1 (41)
(iii) 4] (41)& 0]-85}od, Class-overlapped 7] 2 of] 3§ Linear SVM 2] dual form L(a) =
Min(w pyea, L(w,b,a)o] opS3F Zro] 72 Linear SVME] dual form¥} g dotS 5
BolA G

E(a) = —% (a®t) XXT (a0 t) +a’1 (42)

oHt Bishop A &) KKT 27491 Eq. (7.23-28) 2 FE, 7] Linear SVM2}9] 543t
Aol oF& 3} 20| 0,00 g upper bound £ 71%0] FrHECHs H-g A 0.

0<a<C(C-1 (43)

7 (30 points) K componenti F-AJ = Mixture of Gaussians©]| 4] data sample< one -hot latent
variable z& ©0]-85}o] = Ao A A (generation) TS w2ty &2 4 It

Sample z; ~ Pz, =1|w) =m
Sample x ~ N (x|p;, Xk)

Latent variable z& F-l, p(x)+&= o= Zo] p(x, z) 2] margizalization2 7|&= 4= 9t}
(Bishop Eq. (9.10-12)).

- ZP(X’ z) = ZWkN(XWka )

SHEHolHALE labelo] glo] D = {xy, -+ ,xy} & F°] A1, Design matrix X<} apzk7}
Z) &2, latent design matrix Z+= o} 2 A o) ¥t )AL
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WA Q] Eq. (9.14)2} Zro] glo] €] Alof Tt log-likelihood Inp(D): th-&-1} 7},
Inp(D) = Inp(X|m, p, X Zh’l {Z TN ( an“kazk)} (44)
n=1

log-likelihood-E maximizest”] 9|3t EM algorithm X5 99l tF2 50l BoHA L.
(i) x,°f TSt responsibilities (2., )E T2 o] A 2]skAt.
Y(zp) = TN (Xn| iy Zi)
" Zj ﬂ-jN(Xn“J’j) 35)

Log-likelihood 2] (44)9] poll th3t gradientQl Olnp(D)/0p, S zeroZ w24,
=4S OEOI-/\] (Bishop A] Eq. (9.17)).

(45)

1
K = E;’Y(znwx

ofef], +HE] y(zuk) = h(m, u, X) & w7k EE ] QLo B = optimal p+= closed-
form© 2 LSRR &AL, fized-point algorithm 2= iterativest7| 2] (46)= WH=EA
o2 aste] QolHol Be HEHA L

(i) Olnp(D)/0%," = 02 EO2H, th3AS FESHA L

N
1
TP IRICHICAPAICHPAY (47)
n=1
*Hint: Assignment 12] Problem 1.(v) & Problem 142] 7ol A AF8-3F A4S
ZF =z
o e
(iii) BishopTAf Eq. (9.20-21)¢] 4-& F3fl, thg4l& fEakA 2.
N,
= o (48)
(iv) 99] S = Y-&-S vtero & Bishopu A| 2] Eq. (9.23-28) E TaZ A &S
AQ.

8 (15 points) General EM€112]51} Variational inferenceof| 4] 7|Hto] ]
SHA| 2 (Bishop A 2] Eq. (9.70)).

Inp(X|0) = L(q,0) + K L(q||p)
L(g,0) = q(Z)In {])(X’—Z"g)}

rr
Aul
o
>
o
Jo
i

Z q(Z)
KL(gllp) =) q(Z)In {%}

A7V A ¢(Z)= Zol st 4] 9] variational FEEL o]t}

7
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